We construct an effective Hamiltonian for electrons in the fractional quantum Hall regime for GaAs and graphene that takes into account Landau level mixing (for both GaAs and graphene) and sub-band mixing (for GaAs, due to the non-zero-width of the quantum well). This mixing has the important qualitative effect of breaking particle-hole symmetry as well as renormalizing the strength of the inter-particle interactions. Both effects could have important consequences for the prospect that the fractional quantum Hall effect at ν = 5/2 is described by states that support nonAbelian excitations such as the Moore-Read Pfaffian or anti-Pfaffian states. For GaAs, Landau level and sub-band mixing break particle-hole symmetry in all Landau levels and sub-band mixing, due to finite-thickness, causes additional short-distance softening of the Coulomb interaction, further renormalizing the Hamiltonian-additionally, the Landau level and sub-band energy spacings are comparable so it is crucial to consider both effects simultaneously. We find that in graphene, Landaulevel mixing only breaks particle-hole symmetry outside of the lowest Landau level (N = 0). Landau level mixing is likely to be especially important in graphene since the Landau-level mixing parameter is independent of the external magnetic field and is of order one. Our realistic Hamiltonians will serve as starting points for future numerical studies.
I. INTRODUCTION AND MOTIVATION
One of the outstanding experimental challenges in physics is to determine whether the fractional quantum Hall effect supports non-Abelian anyon excitations. An affirmative answer would constitute the discovery of a new type of, so far unobserved, particle and could pave the way for topologically-protected quantum information processing [1] [2] [3] .
The most promising and notable system for which the search for non-Abelian anyons is taking place is in the ν = 5/2 fractional quantum Hall effect [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The search is motivated by two conjectures. The first is that the Moore-Read Pfaffian state 15 and the anti-Pfaffian state 16, 17 are representatives of universality classes that have non-Abelian anyon excitations. This conjecture has been recently shown to be true 18 (see also Refs. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . The second conjecture is that the experimentally observed state of matter responsible for the ν = 5/2 fractional quantum Hall effect (FQHE) is in one of these two universality classes. Several numerical studies [31] [32] [33] [34] [35] [36] [37] [38] [39] have provided evidence supporting this conjecture by showing that the ground states of simplified model Hamiltonians are in these two universality classes (Moore-Read Pfaffian or anti-Pfaffian). Even though these model Hamiltonians are physically reasonable, a number of studies 32, 34, 35, 38 highlight the sensitivity of numerical results [31] [32] [33] [34] [35] [37] [38] [39] to the parameters of these 'toy model' Hamiltonians (and to some degree, the system size). Experiments have found that relatively minor modifications to the system such as transposition of the half-filled Landau level from ν = 5/2 to ν = 9/2, 11/2, . . . or to ν = 1/2, 3/2 lead to metallic states that are anisotropic 40, 41 or isotropic and Fermi liquid-like 42 . Similar anisotropic or isotropic metallic phases are also observed at ν = 5/2 upon application of, respectively, a small 43, 44 or large 45 in-plane magnetic field (compared in magnitude to the perpendicular magnetic field). Thus, there are at least four different phases (and, perhaps, many more) which can occur at ν = 5/2, depending on the details of the Hamiltonian. Thus, we are encouraged to ask basic questions which remain unanswered: is the ground state of a more realistic model Hamiltonian for ν = 5/2 in one of these two non-Abelian universality classes? What is the quantum phase diagram of a realistic Hamiltonian for ν = 5/2?
The sensitivity of the ν = 5/2 system to small changes in the Hamiltonian is a cause for concern since the canonical simplified model ignores both Landaulevel mixing and the non-zero-width of the quasi-twodimensional (quasi-2D) electron system. (The exceptions are Refs. 37,38, which include Landau-level mixing and Refs. [34] [35] [36] , which include non-zero-width.) Landau level mixing and non-zero-width can be neglected if the Landau level mixing parameter κ = (e 2 / 0 )/hω c 1 and the non-zero-width of the quantum-well d/ 0 1, respectively. Here, e 2 / 0 is the scale of the Coulomb energy, ω c is the cyclotron frequency, and 0 = hc/eB is the magnetic length, so the dimensionless parameter κ is given by κ ≈ 2.52/ B [T] . Therefore, for experiments at magnetic fields in the range 1 − 10T, κ is in the range 0.8 − 2.5. Similarly, for most GaAs samples d/ 0 ≈ 2 − 3. It is not obvious that either one of these parameters can be considered small and, in fact, for common experimental parameters the Landau-level and sub-band energy spacing are comparable. Thus, it is potentially dangerous to consider one effect and not the other since, a priori, both effects are of approximately equal importance. Given that the ground state at ν = 5/2 depends sensitively on the precise Hamiltonian and that the Hamiltonians studied in all previous numerical results neglect potentially important effects, one may question their connection to experiments 46, 47 . In fact, recently the FQHE at ν = 5/2 has been studied experimentally in the regime of strong Landau level mixing (κ > 2.5) and interesting non-linear behavior of the FQHE energy gap has been observed as a function of κ (or density) 48 . Thus, in order to make meaningful experimental predictions for the FQHE in GaAs (or generally any two-dimensional electron gas), it is necessary to study realistic Hamiltonians which include the effects of both Landau level mixing and non-zero-width. This is true not only at ν = 5/2, but throughout the N = 1 Landau level, where Landau level mixing is a factor.
The scenario described above for GaAs is potentially an even more pressing issue when one considers the FQHE in graphene. Due to the linear dispersion of electrons in graphene, the cyclotron energy is sgn(N ) 2|N |hv F / 0 , compared tohω(N + 1/2) for GaAs. (In GaAs, N = 0, 1, 2,. . . whereas in graphene −∞ < N < ∞). This means that the Landau level mixing parameter in grapheneκ = (e 2 / 0 )/(hv F / 0 ) = e 2 /( hv F ) is, interestingly, independent of magnetic field strength. In addition, the spacing between Landau levels varies as 1/ √ 2N for large N -the Landau levels get closer together in energy the higher up, or lower down below N = 0, one goes. Consequently, the effective Landau level mixing parameter for the N th Landau level is ∝κ √ N , which increases with increasing Landau level. Experimentally, the FQHE has been observed in graphene in suspended samples [49] [50] [51] (i.e., free standing graphene) and on a boron nitride substrate 52 . In suspended graphene, the Landau level mixing parameter is approximatelyκ ≈ 2.2 whereas on a boron nitride substrate it is much lower due to the reduction in dielectric constant:κ ≈ 0.5 − 0.8. In both casesκ is obviously not small so it would appear that there is no experimental observation of the FQHE in graphene for which one can ignore Landau level mixing. Many theoretical works have considered the FQHE in graphene [53] [54] [55] [56] [57] [58] , pointing out the similarities and differences between the FQHE in GaAs and graphene, but none have taken into account the effect of Landau level mixing.
Therefore, in this paper we construct and study a realistic Hamiltonian for GaAs in the lowest two Landau levels (N = 0 and N = 1; no FQHE has been observed in N ≥ 2) that takes into account Landau level and subband mixing. In addition, we construct a realistic Hamiltonian for graphene in the N = 0, ±1, ±2 Landau levels which includes Landau level mixing effects which have, so far, been totally ignored. Although we are emphasizing the experimental systems of GaAs and graphene in our calculations, they are appropriate for any fermionic system with either parabolic (GaAs) or linear (graphene) bands up to the specific experimental parameters. Once these effective Hamiltonians are characterized, they can be used to study a variety of problems in which sub-band and/or Landau level mixing effects may play a prominent role.
Our starting point is the systematic treatment of Landau-level mixing formulated in Ref. 59 . The effective Hamiltonian for electrons in the N th Landau level can be derived by integrating out all other Landau levels via an expansion in powers of κ(orκ). This was done 59 for GaAs for zero width, but the same procedure allows us to integrate out higher sub-bands in the same way as higher Landau levels and/or consider graphene, as we discuss below.
Crucially, we find an error in the normal-ordering of the effective Hamiltonian of the previous work 59 . Correcting this error, we find that the renormalization of the twobody interaction is significantly modified and we examine the implications.
We emphasize that, for GaAs, we include the nonzero width of the 2D layer, as a result of which the effective interaction between electrons is "softened" at short distances since the single-particle wave functions are smeared out over a length scale d in the direction perpendicular to the plane. This effect was found to stabilize the Moore-Read Pfaffian and anti-Pfaffian states 34, 35 in the N = 1 Landau level, unlike in the lowest Landau level, where it weakens the FQHE. A further effect of non-zero-width is that electron-electron interactions can cause mixing with the higher quantum well sub-bands corresponding to motion in the direction perpendicular to the two-dimensional plane, in a manner analogous to Landau-level mixing. (Strictly speaking, a system with only sub-band mixing could also cause a breaking of particle-hole symmetry. However, Landau-level mixing is generally a stronger effect than sub-band mixing.) We take these two facets of non-zero width (the softening of the "bare" Coulomb interaction and mixing with higher sub-bands) into account in a systematic manner. This has not, to the best of our knowledge, been previously done. Of course, for graphene, the effective width of the 2D graphene sheet is negligible, so there are no sub-bands that need to be considered.
Strictly speaking, our Hamiltonian can only be justifiably called "realistic" for small values of κ (orκ). For GaAs, small κ corresponds to higher values of the magnetic field whereas for graphene, smallκ corresponds to a substrate with high dielectric constant. However, we find that the coefficients in the expansion in powers of κ are small in GaAs (even with the correction mentioned in the previous paragraph) and, consequently, our Hamiltonian may even be realistic when κ is not small. For graphene, the coefficients in the N = 0 Landau level are small, similar to those in GaAs, but for N = 0, this is no longer the case. Thus, these expansions may be valid even in the regime where most experimental observations of the FQHE at ν = 5/2 in GaAs have taken place (0.7 < κ < 1.8), as well as where the FQHE has been experimentally observed in graphene [49] [50] [51] [52] 60 (0.5 <κ < 2.2). Our calculations might also help explain some of the peculiarities of the graphene FQHE observations, such as the fact that the FQHE has been observed in only the lowest Landau level (see Refs. [49] [50] [51] [52] . This point will be discussed further below.
Previous results for GaAs: The Landau-level mixing Hamiltonian of Ref. 59 for GaAs was studied for zero width at ν = 5/2 by Wojs et al. 38 using exact diagonalization in the spherical geometry, and it was concluded that, over nearly the entire range of Landau level mixing of experimental interest, 0 < κ ≤ 3, the overlap between the ground state and the Moore-Read Pfaffian state was larger than either the overlap between the ground state and the composite fermion Fermi-liquid-like wavefunction 61 or the overlap between the ground state and the anti-Pfaffian wavefunction. However, the computation of Wojs et al. 38 did not take finite-thickness of the 2D system into account; it is not clear that these overlaps at different values of the magnetic flux track the (extrapolated) ground state energies, which is what determines the true ground state; and, more importantly, the Hamiltonian did not contain the corrected normalordering of the three-body term. Rezayi and Simon 37 did a similar study using the torus geometry but they did not use the Hamiltonian of Ref. 59 and instead simulated Landau level mixing by diagonalizing in a truncated Hilbert space. In contrast to Wojs et al. 38 , they found the anti-Pfaffian to have a higher overlap with the exact ground state. Even though both studies used wavefunction overlap to measure to which universality class the ground state belonged, it is difficult to directly compare their contrasting results since they used different Hamiltonians and different geometries. Of course, it is possible that the previous error in the normal ordering of the three-body term is the origin of these apparently contradictory results.
We point out that there has been additional previous work that considered both sub-band and Landau level mixing [62] [63] [64] . While many insights can be gained from this work, it is not particularly relevant to this study. For the FQHE, in particular, the effects of both subband and Landau level mixing have been studied, either numerically in the perturbative limit or using a combination of perturbation theory (random phase approximation) and phenomenological models, however, our calculation provides the crucial qualitatively important idea of the breaking of particle-hole symmetry through the generation of three-body terms which were not previously taken into account.
Previous results for graphene: None of the theoretical studies for the FQHE in graphene mentioned above included the effects of Landau level mixing.
The plan of this paper is as follows. In Section II we review the effective action description given previously in Ref. 59 . To this we add the additional complication of a non-zero-width quantum well. This is not as simple as just augmenting the Coulomb interaction because it becomes necessary to integrate out all higher quantum well sub-bands. We then derive the effective Hamiltonian which follows from this effective action, paying particular attention to the operator-ordering of the Hamiltonian. In Sec. III, we discuss the effective Hamiltonian which includes Landau-level and sub-band mixing to first order in the Landau level mixing parameter κ. In Sec. IV, we consider the effective Hamiltonian for graphene and in Sec. V, we discuss the pseudopotentials. Finally, in Sec. VI, we present our conclusions.
II. EFFECTIVE HAMILTONIAN INCLUDING LANDAU LEVEL AND SUB-BAND MIXING
APPLICABLE TO GaAs
A. Effective action
We first begin by discussing the calculation for a system appropriate for GaAs, just to introduce the formalism, and then in Sec. IV we discuss the calculation for a system appropriate to graphene. Following Ref. 59 we begin with the action for electrons in a magnetic field:
Here, c snmα andc snmα are Grassmann variables where α =↑, ↓ are the spin indices; s = 0, 1, . . . is the subband index; n = 0, 1, . . . is the Landau level index; and m = 0, 1, . . . labels orbital states within a Landau level (m − n is the angular momentum). E sn = hω c (n+1/2)+ε s is the cyclotron energy (hω c =heB/mc) plus the sub-band energy ε s , and µ is the chemical potential. Note that the Zeeman energy has been set to zero in the above action since it is much smaller than the other energy scales in the problem. V 43;21 ≡ s 4 n 4 m 4 , s 3 n 3 m 3 |V |s 2 n 2 m 2 , s 1 n 1 m 1 is the interaction matrix element, whereV is the electron-electron interaction operator for the bare two-body Coulomb interaction for electrons in an infinite quantum well of width, d, i.e., the usual non-zero-width augmented interaction investigated previously [34] [35] [36] [65] [66] [67] [68] [69] [70] . Following the standard procedure 71,72 , we define G ab (k) as
for integers a ≥ b (note that if a < b we switch k = k x + ik y withk = k x − ik y ) with L b a (x) a generalized Laguerre polynomial. We find that the interaction matrix element is
where the 4 in V 43, 21 , for example, is short for all the internal degrees of freedom of the fourth particle (s 4 , n 4 , and m 4 ) and
where φ s (z) is the wavefunction for the z-dependence of single-particle wavefunctions in the s th sub-band. Throughout this work on GaAs we will consider the electrons to be confined to an infinite square well of width
where m z is the effective electron mass in the quantum well. The total single particle energy is E sn =hω c (n + 1/2) + ε s (d). If we assume that m z equals the electron band mass m and write d in units of the magnetic length 0 = hc/eB
2 ]. For typical quantum well widths and magnetic fields (d/ 0 ≈ 2 − 4) the Landau-level spacing and sub-band spacing are comparable. We further note that the energy spacing between sub-bands gets smaller as the inverse square of the quantum well width unlike the Landau level spacing which is constant. Of course, the potential corresponding to a relevant experimental system is not an infinite square well 73, 74 , however, the infinite square well captures the key feature of the real potential [34] [35] [36] [65] [66] [67] [68] [69] [70] : the ability of electrons to avoid each other by moving in the z-direction, as reflected both by the softening of the short-distance part of the Coulomb interaction and by the possibility of virtual transitions to higher sub-bands (which have nodes at certain values of z). We caution the teader that there is one qualitative effect not properly captured by modeling the quantum well with an infinite square well potential; at large enough widths and/or densities, the single layer system can effectively turn into a bilayer. For the purpose of this work, however, we are not considering this situation.
Although the modeling of a more realistic potential is possible within our framework, it is highly dependent on a particular experimental sample. Hence, each sample would require new calculations, which as shown in the following are very laborious. The main purpose of this work, in this regard, is to make general statements and conclusions about the effects of both sub-band and Landau level mixing in a model system. We reiterate, however, that our formalism allows the consideration of more realistic models of quantum wells, through the use of local-density-approximation, for example, in a straightforward manner. These more specific calculations, however, will have to await further study.
We first assume the N th Landau level to be partially occupied by electrons and integrate out all higher/lower Landau levels and sub-bands perturbatively in the Coulomb interaction. We thereby generate an effective Hamiltonian for the N th Landau level which incorporates the effects of virtual transitions to the other Landau levels and sub-bands. This effective Hamiltonian is computed perturbatively in powers of κ, where κ = (e 2 / l 0 )/(hω c ) is the Landau level mixing parameter discussed above (κ ≈ 2.52 × 1T/ B[T]). Thus, κ can be varied from very small to very large by changing the magnetic field (and the density, in order to keep the filling fraction fixed). This is is an important distinction between GaAs and graphene, as we discuss in more detail below.
At tree level, the effective action is simply Eq. (1) with the sums over Landau levels restricted to n i = N and the sums over sub-bands restricted to s i = 0. Most numerical studies of the quantum Hall effect use the effective Hamiltonian associated with this effective action, in which the other Landau levels are integrated out to zeroth order in the Coulomb interaction or, equivalently, to zeroth order in κ. However, if we integrate out the higher Landau levels to second-order, which amounts to computing the effective action to first-order in κ, we obtain:
As a result of the higher Landau levels which are integrated out, the bare two-body interaction is renormalized
and a three-body interaction u
654;321 is generated. At higher-orders in κ, four-body, five-body, etc., interactions are generated, but we will restrict ourselves here to lowest-order in κ, so we only need to consider twoand three-body interactions.
The calculation will be presented using Feynman diagrams and the single Coulomb vertex in the diagrammatics is V β α ,βα 43, 21 = V 43,21 δ αα δ ββ − V 34,21 δ αβ δ βα where α, β, α , and β label spin indices (see Fig. 1 ).
We use the nomenclature of Shankar 75 (as did Ref . 59), (see Fig. 2 ) for the three diagrams which renormalize the two-body interaction as δu (2) 43;21 ≡ ZS + ZS + BCS (7)
The bare interaction Feynman diagram. The Coulomb interaction (augmented or not) cannot switch the spin so the first term on the right hand side has δ αα δ ββ and the second term has δ αβ δ βα . The labels 1, 2, 3, and 4 correspond to 1 = {s1, n1, m1}, etc.. where ZS/ZS' stands for "zero-sound" and BCS stands for "Bardeen-Cooper-Schrieffer" due to their similarity to the corresponding diagrams in Fermi liquid theory. The corresponding expressions are:
and
where the electron propagator is
We assume the chemical potential to be the energy of the partially filled Landau level, µ =hω c (N + 1/2), and the above Σ is shorthand for the sum
Note the primes on the sums over sub-bands (s x and s x ) and Landau levels (n x and n x ) indicate that we do not simultaneously include the conditions (n x = N, s x = 0) or (n x = N, s x = 0)-we do not want to integrate out the N th Landau level of the lowest sub-band. We now turn to the evaluation of these expressions. Consider the ZS term, for example, and integrate over ω x using the δ-function:
and we can do the remaining integral over ω x using the identity
for Re(A) = 0 or Re(B) = 0. Thus,
In a similar fashion, we have
We then approximate the denominators as, for example,
is much larger than the frequencies at which we probe the system. In principle, however, these effective interactions become retarded if we do not drop the frequency dependence. This approximation eventually yields
We can extract some physics from these formulas without calculating any numbers. Each interaction matrix element (V γβ,γ α x4,x 1 from the ZS diagram, for example) comes with a factor of e 2 / 0 according to Eq. (3). Therefore, once a factor ofhω c is pulled out of the denominator, the ZS, ZS', and BCS contributions to u (2) 43;21 are proportional to κ(e 2 / 0 ), as expected. In the lowest Landau level (N = 0), the ZS and ZS' terms vanish since there cannot be any hole excitations in the internal legs (the x γ leg) since there are no filled Landau levels below in which to have virtual hole excitations. Therefore, only the BCS diagram renormalizes the two-body interactions in the lowest Landau level-incidentally, this is not the case for graphene since there all Landau levels N = 0 are filled in which it is possible to excite virtual holes. We now turn to the three-body interaction u
654;321 . At order κ there is a three-body term that is generated in our expansion of the action. Figure 3 shows one of the nine diagrams that contribute to the three-body term. The expression for the sum of all nine diagrams can be written compactly 59, 76 as
At low-frequencies, this leads to a three-body term:
where we sum over all cyclic permutations of the indices labeled with (1, 2, 3) and (4, 5, 6) . The prime on the summation over n x and s x indicates that we do not include cases where s x = 0 and n x = N simultaneously.
B. Normal-Ordering the Three-Body Interaction
There is one important subtlety that we now discuss. When we compute the three-body term, just discussed, that is induced at order κ, we evaluate diagrams that correspond to the operator expression:
Here, we have subsumed spin, Landau level, sub-band, and orbital indices into a single index for brevity. In the functional integral, we do not need to be careful about the order of Grassmann variables, apart from keeping track of signs. However, when we pass from the functional integral to the operator formalism, we must be careful about the order of these operators. The order of these operators is determined by a point-splitting regularization:
In other words, the order of operators at the same time is determined by whether the contour must be closed in the upper-or lower-half-plane. In the case of our threebody interaction, which is actually a retarded interaction, as in Eq. (20) , this is determined by the sign ofẼ sx,nx . When we make the approximation of neglecting ω x in the denominator of Eq. (20) to pass to the low-energy limit in Eq. (21), we can drop the ω x -dependence, except that we must remember the operator ordering that it imposes. Therefore, the three-body term that we have computed is not really
but is, instead,
After we normal-order, this can be re-written as:
where the x 0 indicates that n x = N . Therefore, the renormalization of the two-body interaction takes the form
where
43;21 is the sum of the last three terms in Eq. (26) . Note that Eq. (26) contains the operators so when comparing the last three terms of Eq. (26) with Eqs. (17), (18) , and (19), which do not contain the operators, there is a factor of 2 that multiplies the former compared to the latter. Also note that, in the N = 0 Landau level, the first and second two-body terms in Eq. (26) vanish and only the third term contributes.
There is a simple check that shows that δũ
43;21 is necessary. Suppose that we compute two-particle scattering to second-order in the Coulomb interaction. We can do this either in the full theory (with all Landau levels kept) or in the low-energy effective theory of the N th Landau level. The answers must be the same either way. With the δũ (2) 43;21 above, this is the case. There is a simple physical interpretation for the renormalization of the two-body term that results from normal-ordering the three-body term. We can think of this term as arising by taking a three-body vertex and connecting one of the incoming lines to one of the out-going lines in Fig. 3 . If the two lines are connected to the same vertex (for example, 1 and 6 in Fig. 3 ) then we have a tadpole diagram, which vanishes. (Two such lines should not have been connected anyway since the operators at a single vertex are normal ordered.) If the two lines are connected to different vertices, then the resulting diagram is of the form of the ZS, ZS', or BCS diagrams (see Fig. 2 ), but one of the internal lines remains in the N th Landau level, rather than one of the higher or lower Landau levels that is being integrated out. In other words, this contribution accounts for processes such as the following: (i) two electrons in the N th Landau level interact, (ii) one of them is excited virtually to a higher Landau level while the other remains in the N th Landau level, and (iii) they interact again and the excited electron falls back to the N th Landau level. One might worry that the result of such a process will depend on the couplings within the N th Landau level and its filling factor. The two-body terms that we have generated in this section derive from normal-ordering the three-body terms, so the dynamics within the N th Landau level does not enter into their computation. These dynamics (and the filling of the N th Landau level) enters only when we attempt to solve the resulting effective Hamiltonian for the N th Landau levels. Another way to think about this is to recall that we have not integrated out states within the N th Landau level. Within a Wilsonian renormalization group scheme, which is essentially what we have adopted, all internal lines in diagrams are at high energies and all external lines are at low energies because we integrate out N = N Landau levels but do not do anything to states in the N th Landau level, which will be dealt with later (by, for instance, exact diagonalization). In our case, this means that all internal lines are in the N = N Landau levels while all external lines are in the N th Landau level. In such an approach, a diagram with k external legs in which p internal lines are in the N = N Landau levels while q are in the N th Landau level arises in the following way. When we integrate out the N = N Landau levels, we will generate a vertex with k + 2q legs. One of the terms contributing to this vertex will have p internal lines. If we were to solve the problem in the N th Landau level perturbatively, then there would be a diagram in which we took this (k+2q)-leg vertex and connected q incoming lines to q outgoing lines. Therefore, this physics is present in the (k + 2q)-leg vertex. In our case, this means that two-body processes in which the intermediate state has one electron in the N th Landau level and one in an N = N Landau level are present in our three-body vertex. However, to correctly account for them, it is crucial to order the operators in the three-body vertex correctly.
Note that in Fermi liquid theory for electrons with no external magnetic field (B = 0) we never have to consider the type of virtual process which gives this contribution because momentum conservation does not allow processes in which one electron is scattered to momenta far from the Fermi surface while the other electron stays near the Fermi surface. In low Landau levels, by contrast, there is no conservation law precluding such processes and they are not only present but, in fact, give a substantial contribution to the renormalization of the two-body interaction.
C. Effective Hamiltonian
Once we have these new interactions, u (2) 43;21 and u (3) 654;321 , we can calculate the Haldane pseudopotentials and their three-body generalizations 77 . We use V
M S (N ) to denote the bare two-body pseudopotential for two electrons residing in the N th Landau level with relative angular momentum M and total spin S. The O(κ) correction (including the contribution discussed in the previous subsection) to this pseudopotential is denoted by δV We will drop the spin indices from the pseudopotentials we are considering in this work and write V (2)
M S (N ) where the spin will be S = 1/2 for M = 1 and 2 and S = 3/2 for M ≥ 3 for the threebody case, while for the two-body case, the spin will be S = 1(0) for spin polarized (unpolarized) electrons, i.e., M =odd (even). Our Hamiltonian is appropriate for all filling factors. Therefore, we calculate even and odd M for the two-body terms in addition to M = 1, 2, 3, 5, 6, 7, and 8 for the three-body terms. It should be clear what the total spin is for those particular M 's. As shown in Section III, the numerical value for V (3)
8 (1) are very small, so we ignore M > 8. This allows us to avoid the potential complication of pseudopotential matrices, instead of pseudopotential numbers, that arise for total relative angular momentum M ≥ 9 due to the multiple three-particle wavefunctions 77 . Starting with Eq. (2), we have chosen to calculate the effective interactions and the resulting pseudopotentials in the planar geometry, rather than in the spherical geometry. For the two-body pseudopotentials, we are only reporting the corrections due to Landau level and subband mixing and one must consider these corrections as corrections to the planar bare pseudopotentials. In order to calculate them in the spherical geometry, we would have to recalculate the corrections for each system size, which is extremely cumbersome and, presumably unnecessary (when we extrapolate to the thermodynamic limit). The spherical pseudopotentials approach the planar pseudopotentials in the thermodynamic limit of a large sphere and it has been argued 34, 35 that using the planar pseudopotentials in finite systems better approximate the infinite system.
With these new effective pseudopotentials, we construct a Hamiltonian for the FQHE in the N th Landau level which includes Landau level and sub-band mixing effects perturbatively to first order in κ,
is the bare pseudopotentials with V (|r i − r j |) being the usual finite-thickness augmented Coulomb interaction (see Refs. 34, 35) ; it is a function of the quantum-well thickness d/ 0 . In this expression,P ij (M ) is an operator that projects the pair of electrons (i, j) onto a two-body state of relative angular momentum M . Similarly,
andV 
III. THE EFFECTIVE TWO-AND THREE-BODY PSEUDOPOTENTIALS FOR GaAs
We now discuss the numerical values of the two-and three-body pseudopotentials in the presence of Landaulevel and sub-band mixing appropriate to GaAs (i.e. for parabolic B = 0 bands). For the two-body case, we calculate Eq. (27) . The result is a function of singleparticle angular momenta m 1 , m 2 , m 3 , and m 4 , denoted by δu (2) 43:21 , which depends on the Landau level index N of the partially-filled Landau level which we retain. All other Landau levels are either completely empty or completely full and are integrated out. Then, δu M (N ). However, Eqs. (27) , and (20) all contain infinite sums over Landau levels and sub-bands and none of these sums can be done analytically. Therefore, they must be truncated and the resulting finite sums must be computed numerically. The infinite sum is the limit of the finite sums as the truncation is taken to infinity. We calculate our final results [δV (2) 
as a function of the truncation and determine the convergence to the infinite sum by fitting to some chosen general common function. The two-body pseudopotential corrections and threebody pseudopotentials are given in, respectively, Tables  I and II the correct normal-ordering of the three-body term.) By "small compared to the bare pseudopotential", we mean that the coefficients (for M > 0 in the N = 0 Landau level and M ≤ 3 for the N = 1 Landau level) are ≈ 10 times smaller and for increasing angular momentum M approximately 50 times smaller. The smallness of these coefficients means that it is conceivable that our perturbative calculation is valid even for κ beyond one. However, in order to say this with certainty, we would need to compute the order κ 2 , κ 3 , . . . terms and show that the series converges.
From Fig. 4 , we can see the dependence of the twobody corrections to the bare pseudopotentials on d/ 0 . We observe in both the lowest and first excited Landau levels that generally the magnitude of the corrections to the two-body pseudopotentials decrease with increasing d/ 0 ; remember that these numbers will be multiplied by κ when constructing the full two-body pseudopotentials. The bare Coulomb interaction is itself also softened as d/ 0 increases and the fractional change in the bare pseudopotential and its two-body correction is similar. This behavior begins to break down very slightly in the N = 1 Landau level at larger values of M where some mild nonmonotonic behavior is observed, however, we emphasize that the relative value of the correction is quite small for higher M 's and this non-monotonic behavior will most likely have little effect on the physics. The two-body corrections decrease with increasing d/ 0 and, eventually are expected to vanish, so in essence, the effect of finitethickness is to mitigate the effect of Landau level mixing.
In Fig. 5 we show the two-body corrections to the bare pseudopotentials as a function of relative angular mo- Since there is no three-body term at tree-level, the O(κ) correction is the leading three-body term. Although the three-body interaction is numerically small, as may be seen in Table II and Figs. 6 and 7, it is the leading term which breaks particle-hole symmetry. The three-body term is especially interesting for the FQHE at ν = 5/2. In its absence, particle-hole symmetry is a symmetry of the Hamiltonian and, consequently, the most promising candidates to describe the the 5/2 FQHE, the Moore-Read Pfaffian state and the anti-Pfaffian state, would be exactly degenerate. As is well known 79, 80 , the Moore-Read Pfaffian is the exact zero-energy solution to a repulsive (positive) three-body Hamiltonian that only contains an M = 3 term. The anti-Pfaffian, of course, is the exact zero-energy solution to the Hamiltonian that is the particle-hole conjugate of the one that yields the Moore-Read Pfaffian. Under particle-hole conjugation, the positive M = 3 three-body term picks up a minus sign and becomes attractive. Additionally, however, a two-body term is also generated under particle-hole conjugation of the Moore-Read Pfaffian Hamiltonian. The M = 3 three-body pseudopotential due to Landau level mixing is negative in both the N = 0 and N = 1 Landau levels, a sign which, naively, favors the anti-Pfaffian state over the Moore-Read Pfaffian. However, with the M = 5, 6, 7, and 8 three-body terms being non-zero, one cannot predict the physics from the pseudopotentials alone.
To illustrate the d/ 0 dependence of the three-body pseudopotentials, we show V Fig. 8 as a function of M for a range of κ. The two-(three-) body pseudopotentials are color-coded with "hot" ("cold") colors going from red to yellow (green to blue) as κ is changed from 0 to 3. The numerical values of the corrections to the bare two-body pseudopotentials and the three-body pseudopotentials are also small compared to the bare two-body pseudopotentials. However, as noted in Sec. I, small quantitative changes to the pseudopotentials can have large qualitative effects on the possible ground states of the effective FQHE Hamiltonian. As noted above, naively one might expect that the negative value of the M = 3 three-body term might favor the formation of the anti-Pfaffian, but for values of κ > 1 there is a fair amount of renormalization of the two-body pseudopotentials. It is known from previous work 34, 35 that finite thickness stabilizes the Moore-Read Pfaffian at ν = 5/2, but this calculation was only done for κ = 0 and could not distinguish between the Moore-Read Pfaffian and anti-Pfaffian. From examining the Landau level and sub-band mixing induced corrections to the Haldane pseudopotentials, there is potentially a range of d/ 0 and κ that would favor or disfavor the Moore-Read Pfaffian and anti-Pfaffian. In fact, a cursory look at the two-body pseudopotentials leads one to suspect that Landau level mixing is relatively unimportant for spin-polarized elec- 
is a sum of the bare two-body term plus κ times the two two-body corrections. The two-body pseudopotentials are color-coded such that κ = 0 corresponds to red and κ = 3 corresponds to yellow, i.e., the color-coding is "hot". The three-body terms are color-coded "cold", i.e., κ = 0 is green and the color changes continuously to blue for κ = 3. Generally, increasing d/ 0 and κ reduces the two-body pseudopotentials compared to the bare values (κ = 0). The three-body pseudopotentials are directly proportional to κ so increase in magnitude for increasing κ, however, increasing d/ 0 mitigates this effect by decreasing the coefficients themselves, as expected. Please note that any two-body corrections for M ≥ 10 are expected to be small and unimportant. From inspection of this figure one would expect that Landau level mixing is likely to be unimportant for the FQHE in the N = 0 Landau level for spin-polarized electrons. For the N = 1 Landau level, however, it is not clear what effect these changes to the pseudopotentials will have on the physics and the answer will have to await future exact diagonalization studies. Of course, even in the N = 0 Landau level the effect of the three-body terms cold produce non-trivial effects. All energies are given in units of e 2 / 0.
trons in the N = 0 Landau level, while, evidently, Landau level mixing is much more important in the N = 1 Landau level. However, we emphasize that the effect of the three-body terms on the physics of the FQHE in either the N = 0 or 1 Landau levels is non-trivial and not known. We are currently undertaking a thorough numerical study to determine the full quantum phase diagram of this new Hamiltonian for GaAs 81 .
We now turn our attention to the study of an effective Hamiltonian for graphene.
IV. EFFECTIVE HAMILTONIAN FOR GRAPHENE
The formalism for including Landau level mixing in graphene (linear dispersion at B = 0) is similar to that of GaAs, so we only highlight the differences, such as the absence of finite thickness. The Landau level problem has been investigated by many authors 53-58 and we only briefly repeat those results that are relevant to the present discussion.
The action [Eq. (1)] for graphene is of the same form as for GaAs with three differences. The first, and most important, is that the kinetic energy of an electron in the N th Landau level is E graph n = sgn(n) 2|n|hv F / 0 where v F is the electron Fermi velocity (∼ 10 6 m/s). Unlike in GaAs, this kinetic energy can be positive or negative (electrons or holes) and increases as the square root of the absolute value of the Landau level index n. Hence, the Landau levels in graphene are not equally spaced; the spacing between successive Landau levels decreases (as the inverse square root) as the Landau level index is increased. The second important difference is that there is no sub-band index "s" since the thickness of a graphene monolayer is atomically thin. The third and final difference lies in the interaction matrix elements. We will use the notation V graph 43,21 for the matrix elements of the Coulomb interaction for electrons in graphene and we will continue to use V 43,21 for the corresponding matrix elements in GaAs.
In GaAs, the electron-electron interaction matrix element V 43,21 is given in Eq. (3). In graphene, Eq. (3) is modified as
where we set sgn(0) = 0 in the above equation. In this equation, V (k) = e 2 /(2π 0 k) is the pure (i.e. zero-thickness) Coulomb interaction. Note that the definition of V graph 43,21 follows from the the single-particle energy eigenstates η graph nm , which are related to the single-particle eigenstates η nm of GaAs according to:
Hence, if n i = 0 for i = 1, 2, 3, 4, then V Furthermore, the Landau level index N in graphene is not bounded from below by zero but instead spans −∞ to +∞. Hence, the sum in Eq. (11) is modified in the case of graphene to
Again the prime on the sums over n x and n x indicates that we do not include n x = N or n x = N in the sums. Another difference between graphene and GaAs is the Landau level mixing parameters. The Landau level mixing parameter for graphene isκ = (e 2 / 0 )/(hv F / 0 ) = e 2 /( v Fh ) ≡ α g where α g is the graphene fine-structure constant. Notably,κ is independent of magnetic field strength B. This is in stark contrast to GaAs where κ ∝ 1/ √ B, so that Landau level mixing can be ignored for sufficiently large B. The Landau level mixing parameter in grapheneκ is a constant that can only be adjusted by manipulating the dielectric constant , the Fermi velocity v F , orh! In freestanding (i.e., suspended) grapheneκ ≈ 2.2 [49] [50] [51] , while for graphene on substrates it isκ ≈ 0.9 for a SiO 2 substrate 49 andκ ≈ 0.5-0.8 for a boron nitride substrate 52, 82 Thus, by adjusting the dielectric constant of the substrate from high dielectric to vacuum, one can only tune the Landau level mixing parameter between 0 <κ ≤ 2.2 but it cannot be continuously tuned within a given device by tuning an experimental "knob" such as the magnetic field strength.
We also emphasize that since the spacing between Landau levels varies, unlike in GaAs where it is constant, and we expect the effect of Landau level mixing will depend on the Landau level in a manner that varies approximately as ∝κ √ N .
V. THE EFFECTIVE TWO-AND THREE-BODY PSEUDOPOTENTIALS FOR GRAPHENE
We first investigate the three-body pseudopotentials in graphene since the discussion will help facilitate the later discussion of the two-body terms.
The most striking feature is that the three-body pseudopotentials vanish for N = 0. Recall the expression for the three-body term generated in the perturbative expansion of the action for GaAs (Eq. (20)). For clarity, we write only the sum over Landau level index n x (and suppress the sums over m x , spin, and cyclic permutations since they are not relevant for this argument) 
The canceling of the two terms in the second to last line above can be seen by going back to the definition of V graph 43, 21 . Thus, the three-body terms exactly vanish in the lowest Landau level (N = 0). In the N = 0 Landau level in graphene, particle-hole symmetry is an exact symmetry (in the absence of disorder) because there are as many Landau levels below N = 0 as above. Consequently, Landau-level mixing cannot generate a three-body term because it would violate particlehole symmetry.
Outside of the lowest Landau level (N = 0), the threebody pseudopotentials are non-zero. They are equal in magnitude and opposite in sign in the N th Landau level compared to the −N th Landau level (see Fig. 9 ). This, again, follows from particle-hole symmetry. Furthermore, they are, in general, negative for N > 0 and, therefore, positive for N < 0.
In fact, the Hamiltonian for graphene is invariant under the combined action of sublattice symmetry, timereversal, and charge conjugation. The sublattice symmetry takes c → −c on one sublattice, thereby inverting the kinetic energy in the absence of a magnetic field. Chargeconjugation transforms particles into holes, thereby inverting the kinetic energy in the absence of a magnetic field but leaving the Coulomb interaction energy unchanged (up to a shift of the chemical potential). Timereversal inverts the direction of the magnetic field. Therefore, the combination of all three transformations leaves both the kinetic and Coulomb energies unchanged. The combination transforms electrons in the N th Landau level into holes in the −N th Landau level. Therefore, we only give N ≥ 0 results. The N < 0 values may be obtained by symmetry, as described above.
Quantitatively, the three-body terms in graphene are similar in magnitude to those in GaAs, small compared to the bare two-body pseudopotentials, and decreasing in magnitude with increasing M . For |N | = 1 there is nontrivial, non-monotonic M -dependence, where the pseudopotentials for M = 5, 6, and 7 are opposite in sign to those for M = 1, 2, 3, and 8. M (N ) for N = 0, 1, and 2. The two-body correction consists of two contributions: one is a direction calculation of the ZS, ZS', and BCS diagrams and the other arises from the normal ordering of the three-body term [Eq. (27] , please see the discussion in the text above. In the N = 0 Landau level, these corrections are similar in magnitude to the results for GaAs. However, for N = 1 and 2, the corrections are much larger and, in fact, it is expected that effective Landau level mixing parameterκ is really ∝κ √ N , see discussion in text. We use the N = 0 values as the first term contribution for all N since this term is so much smaller in magnitude than the second term and expected to make little difference to the final values or the physics. All energies are given in units of e 2 / 0. Turning now to the two-body pseudopotentials, we note first that because the energy increases with Landau level index n as √ n, the contribution from higher levels will be less strongly suppressed. In fact, unlike in the case of GaAs, it is extremely helpful to use the constraint following from angular momentum conservation to eliminate one of the Landau level index summations in Eqs. (14)- (16), thereby making the convergence of the sum more apparent.
The contribution to the two-body term coming from the normal ordering is usually an order of magnitude larger than the term coming from the ZS, ZS', and BCS diagrams alone. Because of this fact, and the fact that finding the convergence of the smaller two-body terms is laborious, we use the N = 0 values of the two-body terms for all Landau levels as an upper limit and good approximation. Table IV lists the numerical values of V
M (N ). In addition, in Fig. 10 we plot the Landau level mixing induced corrections to the two-body pseudopotentials as a function of relative angular momentum M for N = 0, 1, and 2. The two-body corrections are universally negative and for small M can be approximately half the value of the bare pseudopotential. Interestingly, the corrections become larger in higher Landau levels owing to the fact that the effective Landau level mixing parameter is ∝ κ √ N .
In Fig. 11 we show the two-and three-body pseudopotentials as a function of bothκ and M . For N = 0, Landau level mixing has little effect on the pseudopotentials, i.e., the corrections to the two-body term are relatively small and there is no three-body term-this might help explain why the FQHE is observed in the N = 0 Landau level in graphene, when the system is spin and valley polarized, even though Landau level mixing cannot naively be ignored due to a large value ofκ. This further underscores the fact that the FQHE in graphene in the N = 0 is observed to be, and is expected to be, nearly identical to that of GaAs (other than interesting complications that arise when the spin and valley degeneracies remain). However, for N = 0, there are strong corrections in the form of negative two-body corrections and emergent three-body terms. For moderate values ofκ it is not at all clear that graphene would even exhibit the FQHE according to our calculations-the two-body terms can be of the same order of magnitude as the three-body terms. We also emphasize that with such strong Landau level mixing corrections to first order inκ it is possible that higher order corrections will be significant, however, it is likely that these corrections (which we are ignoring) will make the situation worse for the FQHE, not better.
Of course, it remains to be seen theoretically what effect the three-body terms have on the FQHE. Exact diagonalization studies using the above effective Hamiltonian are likely to shed light on this problem 81 .
VI. CONCLUSION
Quantum electrodynamics is a paradigm of a perturbative theory: the dimensionless expansion parameter α ≈ 1/137 is small, so effects that occur at each order in perturbation theory are successively less important than those that occurred at the previous order. However, in condensed matter physics, we have grown accustomed to perturbation theory in dimensionless parameters that are not particularly small. Landau parameters are typically O(1), yet Fermi liquid theory remains valid for 3 He and, often, for electrons in metals. The ratio of the Coulomb energy to the kinetic energy in a metal, r s , can be moderately large, without the metallic state being destabilized (in favor of, say, a Wigner crystal). But we should guard against the possibility that we have been lulled into a false sense of security. There is no quantum Hall experiment in which Landau-level mixing is obviously negligible a priori. In the original observation of the fractional quantum Hall effect at ν = 1/3, the Landau level mixing parameter is κ = 0.65. This might be small enough that one can reach this value via an expansion in powers of κ about κ = 0 or it might not, but it is certainly not a very small number such as 1/137 which one a priori expects to be negligible. In the N = 1 Landau level, 1 < κ < 2.5, so it is even less clear that Landau level mixing is small. 
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IG. 11: (Color online) Both the two-and three-body pseudopotentials as functions of M forκ = 0 − 3 for graphene, in the N = 0, 1, and 2 Landau levels. For the lowest Landau level (N = 0) there is no three-body term (it exactly vanishes) and the two-body corrections are modest. Hence, one would expect, from merely studying the pseudopotentials, that the FQHE in N = 0 Landau level for graphene would be nearly identical to that of GaAs. However, for N = 0, we observe significant corrections to the two-body pseudopotentials and significant three-body terms. It is not at all clear what these effects will have on the FQHE. Naively, one is tempted to suggest that the FQHE will not be observed in N = 0 Landau levels in graphene, or if it is observed, it will be of an exotic variety. All energies are given in units of e 2 / 0.
In the case of graphene, 0.5 <κ < 2.2, so the situation is no better. The coefficient of O(κ) corrections to two-and threebody pseudopotentials due to Landau level mixing are almost always numerically small. Consequently, these corrections are small even at κ = 1. (Most of the corrections are small even at κ = 10.) Since we have not computed the order κ 2 corrections, this does not prove that experiments are effectively in a small κ regime. However, it does, at least, raise this possibility -or, in other words, the possibility that the true expansion parameter is ∼ κ/10.
Of course, for the FQHE in the N = 0 Landau level of graphene, the corrections are not necessarily small and it is very possible that a perturbative treatment of Landau level mixing is inappropriate.
Strictly speaking, our computation yields an effective action, rather than an effective Hamiltonian -as is always the case when integrating out high-energy states to produce a low-energy effective theory. This effective action has retarded interactions but, at lowest-order in κ, these retarded interactions can be neglected. Moreover, our calculation assumed fixed chemical potential. At lowest-order in κ, we can simply take this to be the Landau level energyhω c (N + 1 2 ) or sgn(N ) 2|N |hv F / 0 , regardless of filling fraction within the N th Landau level. However, in going to higher-order in κ, we would have to tune the chemical potential to determine the filling fraction. For these two reasons, it will be difficult to determine the ground state of the system to order κ 2 . But it should still be possible to derive an effective action (albeit with retarded interactions) from which it would be possible to determine if order κ 2 effects are also small even at κ = 1. We note that, for large numbers of electrons, fixing the chemical potential will be the same as fixing the electron number (or, equivalently, the filling fraction). However, for the small numbers of electrons considered in numerical exact diagonalization studies, fixed chemical potential and fixed electron number are not the same. For fixed chemical potential, ∆n ∝ √ n (where n is the electron number) which can be large. Thus, our effective Hamiltonian is only, strictly speaking, correct for systems with a large number of electrons, not a small number. However, if the goal of studying small systems is to extrapolate their properties to larger ones to determine the solution in the thermodynamic limit with fixed filling fraction, then our effective Hamiltonian can be used.
Even if it is quantitatively small, Landau-level mixing could, nevertheless, have significant qualitative effects. It is the leading effect that breaks particle-hole symmetry within a Landau level (except for the N = 0 Landau level in graphene, where this is an exact symmetry). This has important effects at ν = 5/2 in GaAs, where it could break the degeneracy between the MooreRead Pfaffian state and the anti-Pfaffian state, as we discuss elsewhere 81 . It can also have important effects at ν = 7/3, 8/3 and 12/5, 13/5-with particle symmetry broken, these states may not be particle-hole conjugates of each other after all but, instead, have very different characters. Indeed, even within the lowest Landau level, there are obvious differences between particle-hole conjugate plateaus, such as ν = 1/5 and ν = 4/5. Presumably the underlying cause is Landau level mixing.
Finally, we note that, although the corrections to the effective Hamiltonian due to Landau level mixing are small compared to the bare terms, they are not small compared to the energy gaps of quantum Hall states. So it is possible, in principle, for three-body terms to have a non-negligible effect on the energy gaps of some fractional quantum Hall states while, at the same time, order κ 2 terms can be neglected. In such a case, our order κ effective Hamiltonian would be the most promising starting point for an attempt to make a direct quantitative comparison between experiments and numerical simulation of quantum Hall systems.
Note: Recently, we received a first draft of a paper by Sodemann and MacDonald 84 containing some results on the effect of Landau level mixing on the FQHE in GaAs in the zero-thickness limit. They reproduced the d/ 0 = 0 limit of our three-body interaction (which, in turn, is equal to the three-body interaction of Bishara and Nayak 59 ) and reproduced the d/ 0 = 0 limit of our two-body interaction in the N = 0 Landau level. However our two-body interaction in the N = 1 Landau level diverges from theirs. In contrast, the d/ 0 = 0 limit of our two-and three-body interactions in both the N = 0 and N = 1 Landau levels are within a few percent of the results of Rezayi and Simon 83 .
